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» Social decisions invariably involve some degree of uncertainty.

» A fundamental principle of decision-making under uncertainty is
Statewise Dominance: If policy X leads to a better ex post outcome
than policy Y under any conceivable circumstances, then X is better
than Y, ex ante.

» A fundamental principle of social choice is the Pareto axiom: If every
single person prefers policy X to policy Y, then X is better than Y.

» But we shall soon see that these two fundamental principles come into
direct conflict....



Plan:

Part |. Harsanyi's Theorem and its discontents.
Part II. Spurious unanimity rears its ugly head.

Part IIl. Beyond ex ante and ex post.
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(Assume |/| > 2 and |J]| > 2.)

> Let X = [xj J’?J denote an / x J real-valued matrix.
(I=rows, J=columns.)

» Forall i€l andj e J, let xJ’ represent the utility or consumption level
of individual i if state j occurs.

» Thus, X represents a social prospect, which assigns a distinct payoff to
each individual in each possible state of nature.

» Let X C R'*/ be the set of feasible social prospects.
For simplicity, we will assume X is an open box in R/*Y.

» Let > represent an ex ante social welfare order on X', perhaps
representing the ethical judgements of a social observer.

» Question: What properties should > satisfy?
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of J-dimensional “row vectors”. For instance, if | = {1,2,...,n}, then
— xt -
— x> = . }
X = i ,  where x*, ..., x" € R’
— x" =

For each i € I, row x' is the individual prospect which X induces for i.
Let X' := {x/; X € X} C R’ (the ith “row space”).
Person i's ex ante preferences are represented by a preorder =/ on X’

We will require the ex ante SWO = to satisfy the following axiom:

Ex ante PARETO: Forall i € I and all X, Y € X, if x" = y" for all
h € I\ {i}, then X = Y if and only if x' =" y'.
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Idea: x; = (ex post social outcome that X produces if state j occurs).
Let X := {x;; X € X} = {ex post social outcomes feasible in state j}

We will assume that the same outcomes are feasible in every state of nature:

Identical Column Spaces:
There is a single subset X, C R! such that Xj =X, forall j € J. J

A (state-independent) ex post SWO is a preorder =, on X,,.
We do not require the social observer to be an SEU maximizer.
We only require the observer to satisfy a weak rationality condition....

SOCIAL STATEWISE DOMINANCE: For all X; Y € X, and all j € J, if
xx = Yy, forall k € J\ {j}, then X > Y if and only if x; =, y;. J
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We only assume that each individual satisfies a basic rationality condition:

INDIVIDUAL STATEWISE DOMINANCE: For all i € [ and j € J, and all
x,y € X" with x, =y, forall k € J\ {j}, we have x ="y <= x; > y;. }

In fact, even this axiom is sort of optional. Instead, we could assume that
the ex post social preference order -, satisfies:

Ex post PARETO: For all i € I and all x,y € &,, with x" =y for all
hel\{i}, wehave x =,y <= x' >y’

Our last axiom is a standard technical condition....

CONTINUITY: The order = is continuous, i.e., its upper and lower contour
sets are closed subsets of X. (Recall X C R'*7))
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two key differences:
» Harsanyi assumes all agents (i.e. all individuals and the planner) are
expected utility maximizers (with vNM preferences on lotteries).
In contrast, we derive an SEU representation for all the agents, from
much weaker “monotonicity” axioms.
» Harsanyi assumes agents have von Neumann-Morgenstern (vNM)
preferences over lotteries with objective probabilities.
In contrast, we use a Savage-type framework: agents have preferences
over “prospects”’. It turns out these preferences are determined by
maximizing expected utility with respect to a subjective probability p.
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Bob | {s,t} | 0 |0.04|0.96 g| 0 |100]| O
Average 0.48 | 0.04 | 0.48

Ann & Bob agree: Expected Utility(f) = 96, while Expected Utility(g) = 4.
Thus, f =, gand f = g

Furthermore, B = {J, {r, t},{s},0}, so both f and g are admissible.
Thus, even GSS's restricted ex ante Pareto dictates that f >, g.

Indeed, if P is the average of Ann's and Bob's beliefs (as GSS recommend),
then P also says Expected SWF(f) = 96, while Expected SWF(g) = 4.

However, clearly, the true state is s.
Thus, g is actually the better choice.

By ignoring private information, the GSS theorem gets the wrong answer.
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GSS attempt to distinguish between “legitimate” unanimity and “spurious”
unanimity by an endogenous criterion: the agreement set ‘B.
But this attempt fails. Maybe instead we should use an exogenous criterion.

Idea: We should distinguish between objective randomness (i.e. “risk”) and
subjective randomness (arising from “uncertainty”).

e Ex ante Pareto only makes sense for objective randomness, where the
agents can agree for legitimate reasons.

e Ex ante Pareto is never appropriate for subjective randomness, where

“spurious unanimity” is possible.

Instead, we consider a model of social choice which with two independent
sources of randomness: one objective and one subjective.

We apply ex ante Pareto only to the agents’ preferences over objective
randomness. This yields a new version of the Social Aggregation Theorem:

e FEx ante social preferences maximize expected value of a utilitarian SWF.
e All agents must have the same beliefs about the objective randomness.
e But they can have different beliefs about the subjective randomness.



Part |l
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We will now use three indexing sets:

» |= set of individuals (with |/| > 2).

» J= statespace of one uncertainty source (with |J| > 2).

» K= statespace of another, independent uncertainty source (|K| > 2).
Thus, the space of states of nature is J x K.
An individual prospect is now a real-valued matrix x € R/*K.

A social prospect is now a three-dimensional array X € R/*J/*K,
We write X =[¢x!; i€, jeJ, ke K].

Foralliel, je€ J, ke K, we define “slices” through the array X:
x' € RV x; e RPKFix e R xf e RX, yxj € R/, and jx' € RY.
(These are analogous to the “rows” and “columns” of a matrix.)

Let X C R/*/*K be the set of feasible social prospects.
Our result holds whenever X is an open box in R/*/*K.
But to simplify this presentation, we will assume X = R/*/*K.
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Recall: | = {individuals}, and J x K = {states of nature}.
» Forall i € I, R/*K = {personal prospects for individual i}.

» Thus, forall i€/ and j € J,
RK = {personal prospects for i, conditional on observing event j}.

> Likewise, for all j € J,
R/*K = Isocial prospects, conditional on observing event j}.

» Finally, R! = {ex post social outcomes}.
(The same social outcomes are feasible in every state of nature.)

We will interpret J and K as two “independent” sources of uncertainty.
Let K be a source of “objective” uncertainty (e.g. a "roulette lottery”).
Thus, it is reasonable to suppose that agents form probabilistic beliefs
about K —perhaps even the same probabilistic beliefs.

Let J be a source of “subjective” uncertainty (e.g. a “horse lottery”).
Thus, agents might not form probabilistic beliefs about J.
Even if they do, these beliefs may reasonably disagree....
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Let > be the ex ante social welfare order on R/*J*K
: I
Suppose there was a (state-independent) ex post SWO ., on R'.

A basic rationality condition would then be:

SOCIAL STATEWISE DOMINANCE: For all (j, k) € J x K, and all
X,Y € RIXJXK with kXjr = kN for all (_j/, k/) € Jx K\{(_j,k)}, we have
X t Y if and onIy if kXj txp kYj-

The ex post Pareto axiom for =, would then be a consequence of

COORDINATE MONOTONICITY: Forall i€/, j€ J, and k € K, all
X,Y € R>K with uxt = k,yj{f for all ("' k') €l x Jx K\{(i,j, k)},
we have X = Y if and only if kxjf > kyj’.

(This means that everyone's utility is valued in every state of nature.)

However, we will not assume SOCIAL STATEWISE DOMINANCE —we will
derive it from COORDINATE MONOTONICITY and-our -other axioms.
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J-PREFERENCES: For all j € J, there is an order >=; on R/*K such that,
for any X, Y € R™>*I*K with xy =y, V€ J\ {j}: X=Y &x; =y,

Here, =; is the conditional social preference order, given that we have
observed the event j in J, but we are still uncertain about K.

J-PREFERENCES is “Event-wise Dominance” of > with respect to {>=;};c;.

Likewise, we could condition on information about K....

K-PREFERENCES: For all k € K, 3 an order x> on R'*7 such that, for any
X, Y € R/XIXK with KX =y, V k' e K\{k} X=Y & kx> y.

Here, x> is the conditional social preference order, given that we have
observed the event k in K, but we are still uncertain about J.

K-PREFS is “Event-wise Dominance” of > with respect to {x>}xek-

We will strengthen these axioms to INVARIANT J-PREFERENCES and
INVARIANT K-PREFERENCES, by requiring the conditional social
preference orders = and ,> to be independent of j and k.

This means J and K are “epistemically independent” sources of uncertainty.
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For all i € I, recall that R/*K is the space of individual prospects for i.

Let >/ be i's ex ante preference order on RV*K. We could require

EX ANTE PARETO: For all i € [, and any X, Y € R/*/XK with x” =y
for all i' € I\ {i}, we have X = Y «—= x' >/ y'.

But when agents have different subjective probabilities, there is a possibility
for spurious unanimity. Then EX ANTE PARETO is very problematic.

Thus, for our next result, we will not require EX ANTE PARETO.

Instead, we will supplement J-PREFERENCES with the axiom:
J-CONDITIONAL EX ANTE PARETO: For all (i,j) € I x J, there is an order
=i on R such that, for all X,Y € R>**K with xi; = y/; for all

(7",4) € I x J\{(i, )}, we have X = Y if and only if x] =7 yi.

Here, EJ’: is the conditional preference of individual i, given that she has
observed event j in J, but is uncertain about K.

This axiom says that the J-conditional social preferences >=; should satisfy
Pareto with respect to the J-conditional individual -preferences {>=/1: .
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(e) p and q are unique, and the functions {u'};c; are unique up to positive
affine transformations with a common multiplier.



Theorem 2. > satisfies CONTINUITY, COORD MoONO, INV. J-PREFS, INV. K-PREFS, and
J-CONDITIONAL EX ANTE PARETO iff the following holds:

(a) = satisfies Soc. ST.WISE DoM. For all i € I, there are continuous and increasing utility
functions u' : R — R such that >, is represented by utilitgrian SWF Wip(x) 1= > u'(x').
(b) There exists q € Ak such that, for all i € I, the order =', has SEU representation given by
the function U'(x) := Y, cx g U'(kx), for all x € R¥.

(c) The order =, is represented by the utilitarian SWF W(x) := 3", U'(x'), for all x € RI*K.
(d) There exists p € A such that = has an SEU representation given by Wi, : RI*IXK 5 R
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Theorem 2. > satisfies CONTINUITY, COORD MoONO, INV. J-PREFS, INV. K-PREFS, and
J-CONDITIONAL EX ANTE PARETO iff the following holds:

(a) = satisfies Soc. ST.WISE DoM. For all i € I, there are continuous and increasing utility
functions u' : R — R such that =, is represented by utilitarian SWF Wip(x) := >, u'(x').
(b) There exists q € Ak such that, for all i € I, the order =', has SEU representation given by
the function U'(x) := Y, cx g U'(kx), for all x € R¥.

(c) The order =, is represented by the utilitarian SWF W(x) := 3", U'(x'), for all x € RI*K.
(d) There exists p € A such that = has an SEU representation given by Wi, : RI*IXK 5 R
defined by Wxa(X) 1= 3";c ;D kek P Wap(kXj) = 22 ;¢, Pj Wi(x).

(e) p and q are unique, and the functions {u'};c; are unique up to positive affine transformations.
Remarks: (1) The planner assigns state (j, k) the probability ,q p;. This is
consistent with idea that J and K are “independent” sources of uncertainty.
(2) All agents (including planner) share the same beliefs q about K. This is
consistent with the idea that K is a source of “objective” uncertainty.

(3) Theorem 2 says nothing about individual beliefs about J (“subjective™).
(4) In fact, it says nothing about the ex ante preferences of the individuals.
This is because EX ANTE PARETO is not one of our hypotheses: we do not
even assume that individuals have well-defined ex ante preferences....

(5) Although there is no “unconditional” ex ante Pareto hypothesis in
Theorem 2, we do have ex ante Pareto with respect to “objective” (i.e. K)
uncertainty, via J-CONDITIONAL EX ANTE PARETO.
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» Theorem 2 salvages “social rationality” (an SEU representation for )
by weakening (but not eliminating) the ex ante Pareto axiom.

» The social preferences = are still bound by unanimous preferences over
“objective” social prospects (i.e. those depending only on K).

» This implies ex post utilitarianism, as well as a “conditional” form of
ex ante utilitarianism.

» However, individual preferences over “subjective” prospects (those
depending on J) may be susceptible to “spurious unanimity".

» So we do not require > to satisfy ex ante Pareto for these preferences.
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Conclusion

> In the ranking of social alternatives, three simple monotonicity axioms
(EX ANTE PARETO, SOCIAL STATEWISE DOMINANCE, and EX
PoOST PARETO/INDIVIDUAL STATEWISE DOMINANCE) yield a
generalization of Harsanyi's Social Aggregation Theorem (Theorem 1).

» However, it also yields a paradoxical outcome ( “belief agreement”),
symptomatic of the problem of spurious unanimity.

» By introducing a model of social choice with twofold uncertainty, we
resolve this paradox, and suggest a possible reconciliation between
social rationality and the Pareto axiom (Theorem 2).
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