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EMPIRICAL CLT FOR CLUSTER FUNCTIONALS UNDER WEAK
DEPENDENCE*

PAUL DOUKHANY2 AND JOSE-GREGORIO GOMEZ!

Abstract. We prove empirical central limit theorems (CLT) for extreme val-
ues cluster functionals empirical processes in the sense of the tough paper Drees
and Rootzén (2010). Contrary to those authors we dont restrict to f—mixing
samples. For this we use coupling properties enlightened for Dedecker & Prieur’s
T—dependence coefficients. We also explicit the asymptotic behavior of specific clus-
ters. As an example we develop the number of excesses; it gives a complete example
of a cluster functional for a non-mixing “reasonable model” (an AR(1)-process) for
which results such as ours are definitely needed. In particular the expression of the
limit Gaussian process is developed. Also we include in this paper some results of
Drees (2011) for the extremal index and some simulations for this index to demon-
strate the accuracy of this technique.

Keywords and phrases: Extremes, clustering of extremes, cluster func-
tional of extremes, extremal index, uniform central limit theorem, 7-
weak dependence, tail empirical process.

1. INTRODUCTION

We use the scheme in [Segers, 2003] and in [Drees & Rootzén, 2010] for defining
clusters functionals. Let d > 1, the set E C R? is measurable (E € B(R?)) and 0 € E.
Let us consider E-valued normalized random variables (X, ;)1<i<nnen, defined on
some probability space (€2, A, P), which are row-wise stationary, that is (X, ;)1<i<n i8
stationary for each n € N. Those normalized random variables X, ;, are built from
another random process (Xj), ey, in such a way that the normalization maps all non-
extreme values to zero. Additionally, it should satisfy that the sequence of conditional
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distributions of X, ; given that X, ; # 0 (i.e. P,(z) = P{X,; > 2|X,; # 0})
converge weakly to some non-degenerate limit.

For real-valued random variables a typical normalization is as follows. Let (X;);en
be a stationary process in R with marginal cumulative distribution function F', and
let (uy,)nen be an increasing sequence of thresholds such that w, 1 zr with

rp =sup{z € R: F(z) < 1}, v, = P{X; >u,} — 0.
n—oo

It is clear that, for each x > 0, the tail distribution function for X;:
P,(x) =P{X; —u, > 2| X; > u,}

is degenerated as n — oo (asymptotically this is a Dirac distribution). The following
normalization is often used:

(1.1) Xy, = (—u) = max {—U,O} , for 1 <i<n,
an N

Qp

here (a,)nen is a sequence of positive norming constants, depending on u,. Moreover
for this case the sequence of cumulative distributions P, (z) = P{X,,; > z|X; > u,}
converges to a Pareto distribution for > 0, see Section 4 of [Segers, 2003].

If the process (X;)ien is Ré—valued (d > 1) then two applications write with:

Xi - Un .
(1.2) Xni = (m) , for 1 <i < n,
ap
+
(1'3) Xnﬂ:(( 1 - ) ’ < 2 - > Y ( : - ) )’
an + Qn + On +
for some norm || - || on the Euclidean space R X; = (X1;, Xo;, ..., Xgi) and () nen,

(@n)nen are defined as in eqn. . This could be interpreted as follows: we suppose
that X; is a vector of a cycle of d records per unit time i (for example, ¢ is the i-
th day and d = 24, hours per day). In particular if ||.X;|| = || X;]1 = Z;l:l |-X5|
then the expression in eqn. is non-zero if the sum of the records exceeds the
threshold w,, and for X, this is the vector of excesses over a threshold w,, for
each coordinate. Section 3 in [Drees & Rootzén, 2010] gives another example of a
normalization of d consecutive excesses of real random variables (X;);en i.€.

(14) Xn7i: ((Xz_un) ’(XiJrl_un) 7”.’()(Prdl_un) ) .
an + an + a‘n +

Note that this example is interesting because it takes into account d consecutive ex-
treme values, which contains useful information on the extremal dependence struc-
ture. That is is a general feature for many real applications. Namely:
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(1) if d consecutive days of rain are observed in a given city, the volume of precip-
itated water may be larger than the volume of water that can be drained (through
sewers, soil, rivers, etc.),
(2) If d very large claims are reported to an insurance company in a very small time
interval (with respect to typical cases) this can be a risk with respect to the response
capacity of the insurance company, and
(3) If d consecutive days of low temperatures a observed in a given city, then the
power consumption (due to heating, etc.) endangers the response capacity of the
company in charge of the energy distribution.

On the order hand, a typical example of a empirical process of extreme values
cluster functionals is the tail empirical process:

1 n
N ; (1{X,; > 2} — P(X,1 > ), x>0,
with X, ; defined as in . This process has beed considerd by Drees and Rootzén
under certain conditions (in particular for v and S-mixing conditions) they prove its
uniform convergence to a Gaussian process 7" under additional conditions.
For example they prove the convergence of this tail empirical process for the cases
of k-dependent sequences or stable AR(1)-processes [Rootzén, 1995], and ARCH(1)-
processes [Drees, 2002), Drees, 2003] and applications for solutions of stochastic dif-
ference equations [Drees, 2000, [Drees, 2002, [Drees, 2003]. They use the extreme
cluster functionals setting in [Segers, 2003] to generalize such empirical processes
under f-mixing in [Drees & Rootzén, 2010].

However, note that the AR(1)-process, solution of the recursion:

1
(16) X = E(Xk_l + §k), k e Z,

where b > 2 is an integer and (& )ren are independent and uniformly distributed
random variables on the set {0,1,...,b— 1} is not even a—mixing, as this is shown
in [Andrews, 1984] for b = 2 and in [Ango Nze & Doukhan, 2004] for b > 2. The
results in [Drees & Rootzén, 2010] can thus not be used here! This is thus use-
ful to improve on the CLT for empirical processes of extreme cluster functionals
proposed by [Drees & Rootzén, 2010] for more general classes of weakly dependent
processes. Here we make use of the coupling results of [Dedecker & Prieur, 2004al,
Dedecker & Prieur, 2005] under 7-dependence assumptions.

This paper is organized as follows. In Section 2, we recall basic definitions and
notations for cluster functionals and for the empirical process of cluster functionals.
In Section 3 we define the 7-weak dependence coefficients and then Section 4 is
concerned with the assumption to derive our main functional CLT for the cluster
empirical process; namely asymptotic tightness, asymptotic equicontinuity and the

(1.5) T.(z) =
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assumptions to obtain a fidi CLT for empirical processes of cluster functionals. Those
results are shown in Section 5. In Section 6 we develop a example similar to for
the multidimensional case for the case of AR(1)-inputs. Also a simulation study for
the extremal index to demonstrate the accuracy of this technique. The proofs are
reported in a last section.

2. EMPIRICAL PROCESS OF CLUSTER FUNCTIONALS

As it was mentioned in the introduction, we consider a triangular array of row-
wise stationary random variables (X, ;)i<i<nnen With normalized marginals taking
its values in a measurable subset E of (RY, B(RY)) and defined on the probability
space (2, A, P).

Before defining the “empirical process of cluster functionals”, we first define a
cluster functional. The following definition is due to [Yun, 2000] and [Segers, 2003]
for the univariate case, and to [Drees & Rootzén, 2010] for the more general multi-
dimensional case:

Definition 2.1 (Cluster Functional, [Drees & Rootzén, 2010]).
o We define the set of finite-length sequences with values in E:

By:=|JFE
reN
equipped with the o-field £, induced by Borel-o-fields on E”, for r € N.
o ForreN, letY = (X1, Xo,...,X,) € E"C (RY)". The core Y € E, of Y
is defined by

ve _ { (XD)m<icrys Y # 0, (the null element in R")

0, otherwise

here r1 := min{i € {1,...,r} : X; # 0} (first extreme value of the block Y')
and ro :=max{i € {1,...,r} : X; # 0} (last extreme value of the block'Y).
o A measurable map f : (Ey, &) — (R, B(R)) is called a cluster functional
if
f(Y) = f(Y9), for allY € Ey,  and f(0,) =0 (Vr >1).

Remark 1. Note that the cluster map Y —— Y (defined in [Segers, 2003]) is not
only a functional dependent on the extreme values set of the block, but it also depends
on the null values set between the first and last extreme value of the block, i.e. the
cluster is really the smallest sub-block Y¢ containing all extreme values of the block
and including also all the non-extreme values in-between, e.g. f(0,1,1,0,0,1,0,0) =

f(1,1,0,0,1).
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Example 2.1. Consider the following notation. If u = (uq,...,us), v = (v1,...,0q)
are vectors in R? say that u < v if and only if u; < v; for all i = 1,...,d. So, if

E =R?and x € T C E, we have the following list of cluster functionals:

(2.1.1) Sum of excesses over x:

T

folxy, . .o x) = Z(% —z)1{z; >z},

i=1
(2.1.2) Number of excesses over z:

T

fo(z1, .. 2,) = ZH{IZ > x}.

=1

Usually if ¢ : (E,€) — (R, B(R)) denotes a function such that ¢(0) = 0 then

(2.7) folz o m) =Y é(x)

1=1
is a cluster functional.
(2.1.3) Maximal excess over x:
folxy, .o xy) =max{(z; —x)y,...,(x, — )1 },

where (y — )4 = [ly — «[|1{y > z};
(2.1.4) Number of up-crossings at z:

folzy, oo oymy) = oy > o} + oy <zyz0 >} + -+ L{z,—y < z,2, > 0}.

Example 2.2. For E=R" and = > 0,
(2.2.5) Balanced periods®| over ,

fo(zy, . 2,) = H{Z@% —x)l{z; >0} = 0}.

i=1
Example 2.3. We consider E = RT. If for each p,q € {1,2,...,r}, we denote

H,, =A{xp,xps1,...,2,} C {z1,...,2,} such that y > 0, Vy € H,,. Then we can
define the following functional:

(2.3.6) Maximum sum (greater than the level u > 0) of consecutive excesses over x,

feu(x1, ... 2,) = max Z(y—:z:)+]l Z(y—x)+>u ,

1<p<g<r
yEHp q yEHp q

3 In particular, many thanks are to Didier Dacunha-Castelle for managing electric consumptions
questions, this functional is of an important use for electricity production problems.
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Example 2.4. Let (E,d) be a metric space. If v; : E — R? such that ;(0) = 0 for
i€ {l,...,r}, we define functionals g, : E, — R for z € T as the previous cases:

ga(@1, s r) = fo(n(aa), - (@),
where f, is any functional of the above list (2.1.1) - (2.3.6).

For applications’s sake we expect that cluster functionals f(-) to satisfy:

(1) their domain is a vector of arbitrary length, with at least one non-zero com-
ponent;

(2) it depends only on the extreme values and on the occurrence of non-extreme
values in between two extreme values of the vector.

Remark 2. Note that the three first previous examples ((2.1.1)-(2.1.3)) satisfy the
property of “invariance under permutations” i.e.:
f(xh cee 7xr) - f<x0(1)7 s 7‘7:0'(7‘))7

for any permutation o : {1,...,r} — {1,...,7}.
Therefore, these functionals (neither any cluster functional) will not give any infor-
mation about the positions of the extreme values cluster.

Definition 2.2 (Empirical Process of Cluster Functionals [Drees & Rootzén, 2010]).

(1) We define Y, ; as the j-th block of r, consecutive values of the n-th row of
(Xy.i). Thus there are my,, = [n/r,] = max{j € N: j <n/r,} blocks
(2.8) Yo = (Xni)(-1)yrmti<icjrn  for 1< <my
of length r,. Since (X,i)1<i<n 1S stationary for each n, then we can denote
by Y, to the “generic block” such that
(2.9) Y, 2 Y.

Moreover the block-length r,, tends to infinity in such way that r, < n.
(2) We denote by F a class of “cluster functionals”.
Then the “empirical process Z, of cluster functionals” is the process

(Zn(f))ser defined by

(2.10) Zo(f) = —

\/nuy,

> (7o) ~ Ef (i)

where v, :=P{X,1 # 0} — 0.

Drees and Rootzén [Drees & Rootzén, 2010] have proved CLTs for this process.
In particular, they have proved a CLT for the Fidis of (Z,(f))ser by using the
Bernstein blocks technique together with a S-mixing coupling condition to boil down
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convergence to convergence of sums over ii.d. blocks through [Eberlein, 1984]’s
technique involving the metric of total variation. [Drees & Rootzén, 2010] prove
an uniform CLT by using [Van Der Vaart & Wellner, 1996]’s tightness criteria and
asymptotic equicontinuity conditions together with a fidi CLT.

We aim at extending their CLT’s for the empirical process (Z,(f))ser, since the
family of mixing processes is still very restrictive. One particular and really simple
example of a non-mixing process is the AR(1)-process . We derive the same
results as in [Drees & Rootzén, 2010] and some applications as in [Drees, 2011] under
much weaker dependence conditions including eg. this example.

The 7—weak dependence introduced by [Dedecker & Prieur, 2004a] holds for the
Example in eqn. (|1.6)), as well as more generally for Bernoulli shifts processes and
Markov chains.

3. T-WEAK DEPENDENCE [Dedecker & Prieur, 2004a]

Definition 3.1. Let (2, A, P) be a probability space, and M a o-algebra of A. Let
(E,9d) be a Polish space endowed with its metric. For any E-valued random variable
X e L? (i.e. X satisfies || X||, := (E|X|P)"? < o0) Dedecker and Prieur defined the
coefficient 7, as:

311) (M, X) := [[sup {E [o(X)M] - E[h(X)] : h € A(E, )},
where A(E,0) denotes the class of all Lipschitz functions h : E — R such that
Lip(h) := sup |h(z) = h(y)|/6(z,y) < 1.
a7y

Let X = (X)) 1<i<n.nen be a triangular array of LP-integrable E-valued random vari-
ables, and (M,)icz be a sequence of o-algebras of A.
Then, for any n € N Dedecker and Prieur defined the coefficient:

(3.12) 1p,(k) == s;ullal” sup{7m,(Mi, (Xnjrs---, Xnj)) i+ k< g1 <--- <ji <n},

=

where we consider the distance 6(x,y) = S°\_, 8(xs,y;) on E*. Moreover, we say that

X s T,-weakly dependent if
(3.13) lim limsup7,,(k) = 0.

k—00 p—so00
Example 3.1 (Causal Bernoulli shifts). Let (&;);cz be a sequence of i.i.d.r.v’s. (in-
dependent and identically distributed random variables) with values in a measur-
able space D. Assume that there exists a function H : DY — R, such that

H(&,€& 1,...) is defined almost surely. Then the stationary sequence (X;);>o de-
fined by X; = H(&;,&_1,...) is called a causal Bernoulli shifts.
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Let (&})iez be an independent copy of the i.i.d. sequence (&;);cz. Consider a non-
increasing sequence (A, ,,(7))i=0, such that

(3.14) Apn(i) 2 [ Xni = X, 4llp,

for some p € [1,00], where X,,; and X ; denote the extreme normalizations of
X, =H(&,&-1,...) and X! = H(&,...,&,&,,&",,...), respectively.
If M; =0(X;:j <1i), then the coefficient 7y, of (X,,;)1<i<n is bounded above by
Ay,

In particular, if the triangular array (X, ;)1<i<nnen, is defined as in (1.4)) and if
we consider a decreasing sequence (,;);>0 such that

(315) ||H(£i7€i—1a .. ) - H(&Z; s aglaf(/)vgl—lﬂ - )Hp < 6p7i
for p € [1,00]. Then, 7,(k) is bounded by

d
(3.16) Ap(k) == — (6,408 + 2000 1 P{0 < Xo — un < Jooi}) s

n

where p, ¢ € [1,00] such that p~! + ¢! = 1.

Remark 3. If there exists positive real constants C, A, « such that

(3.17) supP(z < Xo <z + ) < O\,
zeR
then
A d 1/q I+a d a
(3.18) mwgg@wn+w%nggﬁmmmwy

Application 1 (Causal linear processes). Let D = R and

Xi =) bi&;.
j=0

Here we set 6,,; = 2||8ollp > ;5 [0j] = 6pi in case |||, < oo

The model writes with b; = b=~ for some integer b = 2 and & uniformly
distributed on {0,...,b — 1}; in this case X is uniformly distributed over [0,1] and
50071' < b,

Example 3.2 (Markov models). Let G : (R, B(R!)) x (D,D) — (R, B(R)) be a
measurable function and let (X;);>1_; be a sequence of random variables with values
in R such that

(3.19) Xi=G(Xis1, Xica, .., Xi; &), Vi1,
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for some sequence (;);en of i.i.d.r.v’s. with values in a measurable space D and in-
dependent of (Xy, ..., X;_;). Then the random variables Y; = (X;, X; 1, ..., X;_141)
defines a Markov chain such that Y; = F(Y;_1;&;) with

(3.20) F(zy,...,21;8) == (G(xy, ..., x0;8), 20, -1, . . ., Ta).

Assume that Yy = (Xo,...,X1-;) is a stationary solution of (3.19). Let Yy =
(X{, ..., X]_,) be independent of (Yp, (& )ien) and distributed as Y. Then setting

(321) X,L/ - G(X'pr v 7X'£7[; gl)a

X] is distributed as X; and it is independent of My = o(X,...,X1), for all
i € N. As for the latter example, let (A, ,(7))i>0 be a non increasing sequence such
that (]m[) holds, where X,,; and X] ; are the normalizations of X; and X defined
in (3.19) and (3.21)), respectively. Hence one can apply the result of Lemma 3 in
[Dedecker & Prieur, 2004a], and we obtain that 7, (k) < Ay, (k).

Analogously to the latter example if (d,,);>0 is a decreasing sequence such that
dpi = || Xi — X]||, and if we consider the normalization then 7.,(k) < A, (k)
with An defined in .

In particular if G is such that

l l
(3.22) 1G(w:61) = Gly; €)llp < Y aslws — il with Y a; <1,
i=1

i=1
then d,; < Ca’ for some a € [0,1) and C' > 0. (see [Dedecker et al., 2007], page 34).

Application 2 (Contracting Markov chain). Let X; = G(X;_1,&) be a Markov
chain such that G : (R, B(R)) x (D,D) — (R, B(R)) is a measurable function and

(3.23) A=G0;&)lp < o0 and [|[G(x; &) = Gly; &)lp < alz =y,

for some a € (0,1) and p € [1,00]. Then, (X;)ien has a stationary solution with p-th
order finite moment as this is proved on page 35 of [Dedecker et al., 2007]. Moreover
under this condition: 6,; = | X} — Xol|, - a*.

Remark 4. Note that in particular if G(u; &) = A(u) + B(u)¢ for suitable Lipschitz
functions A(u) and B(u) with u € R then the corresponding iterative model (ARCH-
type process) X; = G(X;_1;&;) satisfies (3.23) with a = Lip(A4) + ||& ], Lip(B) < 1.
Remark 5. Note that the stationary iterative models X; = G(X;_1,§;) are causal

Bernoulli shifts if the condition ([3.23) holds; this is proved in Proposition 3.2 in
[Dedecker et al., 2007].

Application 3 (Nonlinear AR(l)-models). Let | > 1 and (X;); be the stationary
solution of some equation

Xi - R(Xi—17 cee 7Xi—l) + fz
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for some measurable function R : R! — R. The process (X;); is then called a sta-
tionary real nonlinear autoregressive model of order 1. If ||& ], < oo and

l !
|R(uy,...,u) — R(vy,...,u)] < Zai|ui — |, foray,...,a; =0 with Zai <1,
i=1 1=1
and for all (uy, ..., w), (vi,...,v) € R then the function G : R — R by G(u; &) =
R(u) + & satisfies Condition and therefore the sequence (9,,); admits an ex-
ponential decay rate.

4. ASSUMPTIONS

This section addresses the assumptions useful to derive a FCLT for the Empirical
cluster process.

4.1. Fidi convergence conditions. The technique used to prove the convergence
of the empirical process is the Bernstein blocks technique. To do this, we need
to extract of each block Y, ; of length r,, a sub-block of length [, such that {,, = o(r,,),
and combine this with suitable hypothesis on 7—dependence.

Thus precisely (X, ;)1<i<nnen is row-wise stationary such that

(B.1) I, <1, < v,' < n with [, — oo and nv,, — 00 as n — .

(B.2) 71,(l,) = o(r;!) and E(|| X, 1] | Xn1 # 0) < oo.

It is necessary consider the following notations used all over this paper.

Notation 1. Let Y = (X, X5, ..., X,). We will use the notation Y ¥ as follows

0, if r <1,
y k) (Xp, .o, Xg), if1<I<k<r,
Y, itk >r.

and Y®) .= Y& Moreover, if f € F is a cluster functional, then we denote

(4.24) An(f) = f(Ya) = FYT),
where 7, is the length of the block Y,, such that [, < r,.

To prove CLT’s for the fidis of the cluster functionals empirical process (Z,(f)) fer
as (2.10) with r, < v,! < n, we should take in account the following essential
convergence assumptions:

(C.1) For all f € F,

E|A.(f) - EAn(f)|2]l {AL(f) = EAL(f)] < v/nun} =o(r,vn)
P{AL(S) = EAL()] > Vnve} =o(rn/va),
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(C.2) E[(f(Ya) —Ef(Y)* 1{If(Y,) —Ef(Ya)| > /v, }] = o(rnon),
for all e > 0, and for all f € F.
(C.3) (rpv,)'Cov (f(Y,),9(Y)) — c(f,g), for all f,g € F.

Remark 6. Note that Assumptions (C.1) and (C.2) are difficult to check in gen-
eral, for that reason, consider the following (more restrictive but easier to verify)
alternatives conditios:

(A.1) Var(A,(f)) = o(ryv,) for all f € F.
(A.2) E(f(Y,)* = O(r,v,) for some 6 > 0 and for all f € F.

Lemma 1. The conditions (A.1) and (A.2) implies the conditions (C.1) and (C.2),
respectively.

4.2. Tools for uniform convergence. To prove uniform convergence, we use either
asymptotic tightness of Z,, in the space (>°(F), or asymptotic equicontinuity condi-
tions, by some results in § 2.11 of [Van Der Vaart & Wellner, 1996]. Those results
need independence therefore a argument of coupling for the blocks (Y}, j)1<j<mnnen
is used. [Dedecker & Prieur, 2004a] and Chapter 5 from [Dedecker et al., 2007] yield
a suitable coupling argument under 7-weak dependence.

4.2.1. Asymptotic tightness.

Definition 4.1. The sequence (Z,)nen is asymptotically tight if for every e > 0 there
exists a compact set K € (*(F) such that

limsupP*(Z, ¢ K°) <€,  for every § > 0,

n—aoQ

where K° = {f € (*(F) : dx(f,K) < 8§} is the “06—enlargement” around K and P*
denotes the outer probability.

Definition 4.2. The bracketing number Nyj(e, F, Ly) is defined as the smallest num-
ber N, such that for each n € N there exits a partition (Fy, ;)i<k<n,. of F such that

n

E* sup (f(Y,) —g(Yn)? < €rpvn,  for 1<k<N,,
F:9€F7 &

where E* denotes the outer expectation.

In order to use Theorem 2.11.9 in [Van Der Vaart & Wellner, 1996] we need:

(T.1) The set F of cluster functionals is such that for each f € F the expression
Ef?(Y,) is finite for all n € N and such that the envelope function satisfies:

F(z) :==sup|f(z)| < oo, Vo e Eg.
ferF

(T.2) E* (F(Y,)1{F(Y,) > €\/nv,}) = 0(rny/va/n) for all € > 0.
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Note that for a sequence of monotonically increasing positive functions (h,(9))n>1
the convergence of h,(d,) to zero ¥é,, | 0 is equivalent to

1561 lim sup h,(6) = 0,

n——~oo

thus the Assumptions 2 and 3 of Theorem 2.11.9 from [Van Der Vaart & Wellner, 1996]
are reformulated as follows:

(T.3) There exists a semi-metric p on F such that F is totally bounded with respect
to (w.r.t.) p and

E (f(Ya) = 9(Ya)* = 0.

limlimsup  sup
010 n—oo fgep(f.g)<é T'nUn

(T.4)

0
limlimsup/ \/log Niy(e, F, Ly)de = 0.
0

60 p—oo
4.2.2. Asymptotic equicontinuity.

Definition 4.3. The sequence (Z,)nen is asymptotically equicontinuous with respect
to a semi-metric p if for any € > 0 and n > 0 there exists some o > 0 such that:

lim sup P* ( sup |Zo(f) — Zn(g)| > e) <.
n—*00 f.9€F:p(f,9)<é

We use Theorem 2.11.1 in [Van Der Vaart & Wellner, 1996] to prove asymptotic
equicontinuity. For this, we define the semi-metric p, on F as follows. Let (Y,,)1<j<m,
be the independent blocks coupled to the original blocks (Y, ;)1<j<m,-
We define p,, as:

(1.25) pulF.9) = | == S (Vi) — Vi)
So we denote by N(e, F,p) the “covering number”, the minimum number of balls
(with respect to the semi-metric p) with radius € > 0 necessary to cover F. We need

the following assumptions:
(T.4’) For k = 1,2 the map

[mn /2]
* * * * k
(Yn,lv s 7Yn,[mn/2}) ; Sup Z €j (f(yn,j) - g(Yn,j))
f9€F:p(f9)<6 24

is measurable for each § > 0 each vector (e1,...,€pn,/9) € {—1,0,1}m/2
and each n € N.
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(T.5)

5
lgnlimsupIP’* (/ Vlog N(e, F, pn)de > §) =0, V&>0.
0

n—aoo

5. RESULTS
Theorem 1. Suppose that (B.1), (B.2), (C.1), (C.2) and (C.3) holds. Then the fidis

of the cluster functionals empirical process (Z,(f))ser converge to the fidis of a cen-
tered Gaussian process (Z(f))er with covariance function c defined in assumption

(C.3).

The following lemma is a version of the condition (2) in [Segers, 2003], useful to get
an alternative expression of E[f(Y,,)|Y, # 0] (Proposition 1 below). Moreover, with
this lemma we derive immediately weak convergence of Py, )y,-0 to a probability
measure Py y, in Proposition 2, applying the tools of Segers again and part of the
proof of Lemma 2.5 in [Drees & Rootzén, 2010]. Finally, using this propositions we
give an alternative expression to the function ¢ defined in the assumption (C.3). Such

expression is ((5.31]) - Corollary 1.

Lemma 2. If there exists p,q,r > 1 with p~* 4+ ¢! = 1, such that

n(l
(5.26) lim lim sup Tp_l( )_1 =0
l—00 n—oo rnfvn +r
and ryor/? — 0 asn — oo, then
(5.27) lim lim sup ]P{Y (HFLrn) 0/X,1 #0} =0.

l=00 nooo

Remark 7. Note that condition ({5.26|) is the condition which replaces the condition
(B3) of [Drees & Rootzén, 2010].

Proposition 1. Under assumption (B.1), suppose that there exists p,q,r > 1 (with
pt+qt=1) such that hold. Then

1

G E 700 = FOT)IX0n # 0] + o),

where o(1) converges to 0 as n — oo uniformly for all bounded cluster functionals

feF, and

(5.28) E[f(Y.)|Ya #0] =

P{Y, # 0}

T'nUn

(5.29) 0, = —" 7T Py = 0|X,, #0}(1+o(1)).

Consider the following alternative condition:
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(A.3) There is a sequence W = (W;);>1 of E-valued random variables such that,
for all k£ € N, the joint conditional distribution
P(Xn,iv]l{Xn,iZO})lgigk|Xn,17é0

converges weakly to P, 1{w,=0}), and for all f € F are a.s. continuous with
respect to the distribution of W®) = (Wy, ..., W) and WER) = (W, ... W)
for all k, that is,

P{WE) € Dy, Wi =0, Vi >k} =P{WW € D, Wi =0, Vi >k} =0
where we denote by Dy the set of discontinuities of f|gx.

Remark 8. The existence of such sequence W is guaranteed in particular from
Theorem 2 in [Segers, 2003] with £ = R and the normalization (1.1)). There, Segers
has shown that if

]P((Xn,i)lgigk\X1>un) n_>—o>o —log G,

where GG}, is some k—dimensional extreme value distribution for all £ € N, then there
exists such sequence “tail chain” W = (W;);en such that

(5.30) P00 (X i=0rcics Xi>u) > Pl tiwi=op,cices
for all £ € N.

Proposition 2. Suppose that (B.1), (A.3) are satisfied and that there exist p,q,r > 1
(with p~' + ¢! = 1) such that hold.

Then
my = sup{i = 1: W, # 0} < o0,
On — 0:=P{W,;=0,Yi > 2} =P{my =1} >0,
T 1 .
Proaywaro = 5 (P{f(W) €} =P{F(WE) € - my > 2}).

Corollary 1. Suppose that
F = {fI(f(Y)*)nen is uniformly integrable under P(-)/r,v,}.

Assume that (B.2) and Proposition 2’s hypothesis hold. If moreover the assumptions
(C.1) and (C.3) are satisfied then the fidis of the cluster functionals empirical pro-
cess (Zn(f))rer converge to the fidis of a centered Gaussian process (Z(f))ser with
covariance function ¢ defined by

(5.31) c(f,9) = E[(fg)(W) = (fg)(WE)].

There are many cases in which || f|ls = sup,cg, | f(2)] < oo, for all f € F. Under
this condition, it is clear that the conditions (C.1) and C.2) are satisfied. Therefore,
it is important to note the following corollary.
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Corollary 2. Suppose that (B.2) and Proposition 2’s hypothesis are satisfied. Then,
if [flloe = Subpep, |f(x)| < oo for all f € F, the fidis of the cluster functionals
empirical process (Z,(f))er converges to the fidis of a centered Gaussian process

(Z(f)) rer with covariance function ¢ defined by .

Theorem 2. Suppose that (B.1) and (B.2) hold and that (T.1)-(T.4) are satisfied.
Then the empirical process (Z,)nen is asymptotically tight in (>°(F). Moreover, if
the assumptions (C.1)-(C.3) hold, then Z, converges to a centered Gaussian process
Z with covariance function ¢ in (C.3).

Theorem 3. Suppose that (B.1) and (B.2) hold and that (T.1), (T.2), (T.3), (T.4’)
and (T.5) are satisfied. Then the empirical process (Zy)nen is asymptotically equicon-
tinuous. Moreover if the assumptions (C.1)-(C.3) hold, then Z, converges to a cen-
tered Gaussian process Z with covariance function ¢ in (C.3).

Application 4 (Blocks estimator of the extremal index). Let (X;);en be a real
stationary time series with distribution function F'. Now consider the index defined
in ((5.29) with the extreme normalization (1.1)) and u,, := F*< (1—v,t), for all ¢t € [0, 1],
i.e.

(532) en,t = ]P){Yn 7& O} — P{maxléigrn XZ > un}

,  with ¢ € [0,1].
TnUnt TpUnt

From Proposition 2, if (B.1) is satisfied and if there exist p, ¢, r > 1 (with p~14¢7! =

1)) such that (5.26)) hold, then there is a number (extremal index ) 6 € (0, 1] such
that

(5.33) 0,0 — 6 uniformly for ¢ € [0, 1].

Given the convergence ([5.33)), Drees has suggested in his paper [Drees, 2011] to es-
timate 6 replacing the unknown probability P{max;<;<,, X; > u,} and the unknown
expectation r,v,t = E[Y ", 1{X; > u,}] by a empirical expression for 6, ;:

(5.34) 0. .= > ;0 H{max 1), <icjr, Xi > un}
’ n,t i - ,
Zj:l Z:(J‘*1)7“n+1 ]l{XZ > un}

where m,, = [n/r,] such that 1 < r, < v;' < n but nv, — oco. Thus, such
estimator (called blocks estimator of the extremal index) can be expressed in
terms of two empirical processes of cluster functionals (Z,(f;), Zn(9:))o<i<1 defined
in (2.10). For this, suppose without loss of generality that the random variables
(X;)1<i<n are uniformly distributed on [0, 1] (otherwise, just consider the transfor-
mation U; = F(X;), 1 < i < n, where F is the distribution function of X, see
[Drees, 2011]). Then, with the normalization such that a,, = v,, = 1 — u,, and
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the blocks (Y}, ;)1<j<m, defined in (2.8), we have that
~ om 3 fi(Yag) | Ef(Yaa) + (n0,)Y?m Z, ()

5.35 0, — _ 7
(5.35) TS V) Eg(Yoa) + (o) P Za(g)
where

(5.36) fi(zy, ... x,) == I{max z; > 1 —t}

1<i<r

(5.37) gz, my) = 1w > 11—t}
i=1
For this particular case, we consider the following assumptions:
(C.3.1) (ryv,) 'Cov(gs(Yn), g:(Yn)) — ¢4(s,t), for all 0 < s,t < 1.
(C.3.2) (r,v,) 'Cov([fs(Yn), 9:(Yn)) — cpq4(s, 1), for all 0 < s,t < 1.
(C.4) For some bounded function h : (0,1] — R such that lim;_,o h(t) =

(Tnvn)_lE (fs(Ynn) — ft(Yn,l))2 <h(t—s), VO<s<t<l,

for all n sufficiently large.

The following are a slight variation of the first two results of [Drees, 2011], in the
sense that we replace the S-mixing condition with 7-dependence condition. The rest
of the results of such paper also are true if we change the assumptions (C1) and (C2)
for our assumptions (B.1) and (B.2). However, those results will not develop here
because it is not the aim of this work.

Proposition 3.

(3.1) Suppose that 11.,(l,) = o(r, ') where l,,, v, are such that (B.1) is satisfied.
Then (Z,(fi))oci<1 converges weakly to Zy = (VOB;)o<i<1, where B denote
a standard Brownian motion.

(3.2) If additionally (C.3.1) and (C.4) are satisfied and r, = o(y/nv,), then the
sequence of processes (Zn(g:))o<t<1 converges weakly to a centered Gaussian
process (Zy(t))o<t<1 with covariance function c,.

(3.3) Under all the hypothesis of (3.1) and (3.2), if moreover (C.3.2) holds, then
(Zn(ft), Zn(9t))o<i<1 converge weakly to (Zy(t), Zy(t))o<i<1 with

Coo(Zy(s), Z (1)) = 0(s A1),

0v(Zg(8), Zy(t)) = ¢4(s, 1),
(5.38) Couv(Zs(s), Zy(t)) = cpq(s,t), 0<s,t <1

Using the same argument in Remark 8, we can find explicit expressions for the
covariance functions ¢, and ¢y, as functions of the “tail chains” of (X;);en. This is, if
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for every k € N the distribution function of (X7,...,, X}) belongs to the domain of

attraction of an extreme-value distribution, then there exist a sequence W' = (W, );en
such that (5.30]) hold. In such case:

Co(s,t) =sAt+ Y (P{W1>1—5 Wiy >1—t} +P{W) > 1— £, Wiy >1—s})
i=1
P{Wl > 1—t7man>1Wj > 1—8}
Cre(8,8) =< + D PAWL > 1 — 5, Wiy1 > 1 —t,max;zo W; < 1—s}, s <t,
t s >t.

Corollary 3. Under Proposition 3 - (3.3)’s assumptions,

(5.39) (V0nt (On s — O i) )octcs — Z := Z; — 02,

n— oo

where Z is a Gaussian process such that EZ(t) =0 and

(5.40) Cov(Z(8), Z(t)) = O(s At — cpy(s,t) — cpy(t, 8) + 0%cy(s,1)).

6. EXAMPLES AND SIMULATIONS

6.1. AR(1)-process with the functional “number of excesses over z”. We
consider the AR(1)-process where b > 2 is an integer, (§);en are i.i.d. and
uniformly distributed on the set U(b) := {0,1,...,b—1}.

It is clear that Xy is uniformly distributed on [0, 1]. Moreover we define the nor-
malized random variables (X, ;)i<i<nnen as in eqn. (1.4) with a, = v, = 1 — u,.
We set (x1,...,24) < (Y1, ..,yq) if and only if z; < y;, for all i = 1,...,d in case
z,y € [0,1]%. Then

P{X,1 > =X, # 0}

1 q : s—1 - %
= > )(iirllaxd{l—b +) b js—l-bvn(l—xi)} /\1)
Jr

" jiega€U®) N s=1

(6.41) — ,maxd{bi_d(l — )},

n—oo t=1,...,
where v, :==P{X,,; # 0} ~ v, =P{X; > u,} — 0.
Consider F the family of cluster functionals f as in Example (2.1.2) i.e.

r

(6.42) F={fo 01"}, with folxr,...,z,) =) 1{a; >z}

i=1
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For this case, we obtain the covariance function ¢ of (C.3):

..........

(6.43) - Z Hyi(x,y) + Z Hyi(y, @
=1 i=1

where, for ¢ > d

1
(6.44) Hy(z,y) == b min (kmax {b¥(1 - $k)}  fnax {bk“( yk)})
and for 1 <17 < d,
Hyi(z,y)
1
=5 min (max {bF(1 — 21)}, (max {b* min(1 — 24, 1 — )}, ,max {bFi(1 yk)}>

Conditions (C.1), (C.2), (T.1) - (T.4) hold for uniformly distributed random vari-
ables and for the same family F, see page 2177 and 2178 in [Drees & Rootzén, 2010].

Thus, under assumption (B.1), setting r,, such that b=2"" = o(v,,) (or b= = O(v,,)
(see eqn. and Application 1), then the empirical process (Z,()).e(o,1j« defined
as:

Zn(x) = \/n_%rnsz (H{X,,; >z} —P{X,,; > x})
(6.45) ~ i ({X,; >z} —P{X,; > x})

VItn (2

converges to a centered Gaussian process Z with covariance function ((6.43)).
6.2. Simulation study. The experiment is to estimate the extremal index 6 through

the blocks estimator of the extremal index ([5.35]).
Let us consider the AR(l)—process (1.6). Here, as X is uniformly distributed on

0,1) and X; = S0 + 37 bfﬁ for all ¢ > 1, we obtain a theoretic expression for
the index ((5.32)) with u, =1 —v,t for ¢t € (0, 1]:

(6.46)

1 ; :
Qn’t = b’/‘nrnvnt | Z (b) miIl <z:I{l,a}§“n {1 - bl(]_ - Unt) + Z bs_ljs } ) 1) )
+

VARTEED jrneU s=1

which converges to some § = 6(b) € (0,1) if (B.1) is satisfied with b=2» = o(r,v?),
for some € [1, 3].
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Now, we simulate AR(1)—processes (1.6) for b = 2,3 and their blocks estimators
respective with the normalizatio and a, = v, = 1 — u, to make the
comparison of the results estimated with the theoretic model .

To simulate the blocks estimators, we made N = 60 sequences of length n =
10000 with v, = n="/2 and r, = [log(n)]. In Figure 1 we showed a polygonal curve
(t, 0n=10000.t)t=0.1,0.2,...1 (blue curve) of (¢, 8,—-10000.¢)o<t<1 and a mean polygonal curve
(t, 571:10000,1‘,)t:O.l,O.Q,..‘,l (black curve) of (¢, gnzloooo,t)tzogﬂ. Moreover, the confidence
intervals I, of 8, with a confidence level 1 — a = 0.95 (red curves).

As expected, the estimated value through the blocks estimator is quite close to the
index theoretical , with n = 10%. The numerical results are shown in Tables 1
and 2, for the cases b = 2 and b = 3, respectively.

FIGURE 1. Extremal index for the AR(1)-input
Left: 0,,—10000+ is the blue curve, é\nZIOOOO,t is the black curve and the confidence
intervals I; = (C';(t), CI4(t)) are the red curves, for the AR(1)-input with
b = 2. Right: the same situation but with b = 3

t 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0, 0.555 0.555 0.555 0.555 0.555 0.555 0.554 0.554 0.554

o~

O, 0.575 0.574 0.565 0.564 0.562 0.559 0.560 0.559 0.559
Cl; 0.598 0.593 0.580 0.577 0.574 0.570 0.570 0.568 0.567
CI; 0.553 0.556 0.550 0.551 0.550 0.548 0.551 0.550 0.549
TABLE 1. Comparison between the blocks estimation and the theo-
retical approximation , for the AR(1)-input with b = 2 and n =
10%.

Remark 9. In June 2015 at the Workshop “Mathematical Foundations of Heavy
Tailed Analysis” in Copenhagen, Philippe Soulier has detailed calculations of 0 for
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t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0,: 0.703 0.703 0.702 0.702 0.701 0.700 0.700 0.699 0.698 0.697

~

0, 0.724 0.707 0.703 0.704 0.700 0.700 0.698 0.700 0.698 0.697

Cl; 0.754 0.725 0.718 0.717 0.712 0.711 0.708 0.711 0.708 0.706

CI; 0.694 0.689 0.688 0.690 0.687 0.688 0.687 0.690 0.688 0.688
TABLE 2. Comparison between the blocks estimation and the theo-
retical approximation , for the AR(1)-input with b = 3 and n =
104

AR(1)-processes: X; = b~ 'X; | + Z; with b > 1 under the assumption that the
innovations (Z;)ien are i.i.d. reqularly varying with index o« > 1, RV (). In this
case,

1

(6.47) 0 =0(ba) =1~

However, note that the AR(1)-process has innovations Z; = é reqularly varying
0

with index o« = 1. Thus we can not use the approrimation in this case.
Naturally one can consider an approximation o« — 17, then 6(2,1) = 1/2 and

0(3,1) = 2/3 for the AR(1)-process (1.6) with b = 2 and b = 3, respectively. But
those results are not comparable with our results, since for n sufficiently large (n =
10%), the theoretical value is Opt =~ 0(b), where 0(2) = 0.5384 and 6(3) =
0.6953. Moreover, note that 6(2,1) and 0(3,1) are outside the confidence region of

the blocks estimator 6,,—104; (see Tables 1 and 2 for b =2 and b = 3, respectively).

7. PROOFS

Proof of Example 3.1. Since the r.v’s (X;);>1 and (X/);>; have the same distributions
the (Xy.i)i<i<n and (X],;)1<i<n also have the same distributions. Moreover the r.v’s
(X},.i)1<i<n are independent on M.

From Lemma 3 in [Dedecker & Prieur, 2004a] we get:

l
7’1(/\/10, (Xn,jp Xn,j27 v 7Xn7jl)) < Z ||Xnvji - X;,ji ||1
=1

(7.48) < IALL(K),

fork<ji<go<---<g<n.
The rest of the proof follows from the definition of 7y ,. O
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Proof of .' Define

(749) X, = ((—XZ{_“") ,<—X’/“ ”) ,...,(—X’/” : u”) )
Qp n Qp " Qp n

where X| = H(&,&i1,---,61,6,8 1, --). Recall that the r.v’s (X ;)icicnnen are
distributed as (X,,;)1<i<cnnen and independent of My: hence from Lemma 3 in
[Dedecker & Prieur, 2004a]), for k < j; < jo < ... < j; < n we obtain:

l
(750) T1 (M07 (Xn,jlﬂ s 7Xn7jl)) < Z HXn,ji - X;L,ji 1
=1

d
1 /
= a—z > (K = n) = (X — )4 ) €
=1 || j=1 1
TR
/
G_ZZH jitim1 = Un)+ — (X — wn)+
=1 j=1

I d
1
— Z > (BIXjo1 = X X1 > e, Xy > u)
=1 j=1

+E[Xp-1 — un‘]l{X"Jrj*l > Un, Xj i1 S Un}

+ El j +j—-1 un|]l{ Jiti—1 < Un X, Jiti—1 = Un})
Note that:
(7.51) ElXjivj1 — X | H{Xwjo1 > un, Xy > un}
< ||ij‘+j 1= X Jiti— 1”17]1])1 {XJ +j-1 > UTL’XJ/ +j—1 > un}
< 1 XGqj1 — in+j—1HpU711/q < 5p,kvi/q>
for some p, ¢ € [1, 00| such that p~! + ¢~! = 1. On the other hand,
(7.52)  BIXj1j-1 — un|I{X 151 > wn, Xy <}
SEXjij1 = tn|{un < Xjipj1 < tn + boo it}
< Ooo,ji+j—1P{0 < Xjjij1 — tn < doo it}

< kP{O < XO - un ook}
Similarly, we have that
(753) IE| ] +75—1 un“l{X]H‘]_l < un’X],‘H-j—l > Un}
< 5oo,k]P){O < XO — Up < 600,]9}



22 PAUL DOUKHAN'? AND JOSE-GREGORIO GOMEZ*

Therefore, ([7.50) is bounded by
dl 1
(7.54) — (8p v+ 2006 kP{0 < Xo — wy, < oo i }) -

Finally, applying the definition we have that 7, (k) < A, (k). O

Lemma 3 (Coupling). Suppose that the random variables (X, i)1<i<n are such that
E (| X0 || Xn1 # 0) < o0.

We consider together even and odd block sizes, by using k =0 or 1 according to the
parity. Assume that for each j € {1,...,[m,/2]} there is a random variable 6y ; uni-
formly distributed on [0,1]™ and mdependent of ./\/ln] 1 =0Ynok:-- o, Yoo(—1)-k))
and o (Y, 2j—r). Then there exists a random block Yn 2j—k measurable with respect to
ME i1V o(Ynajk)Vo(x; ), independent of ME distributed as Yy, 2j—, and such

n,j—1s
that
(755) H E (drn (Yn,Qj—k7 Yn,?j—k)) ‘ Mf;j_l H < TnTp,n(rn)a
p
where 5 ((1’1,..., ) (ylw'w'yr)) :Z;‘;l Hxl yZ”

In particular, if M
are independent.

= O(Ymg_k, e Yn 2(j—1)— ) then the blocks ( n,2j— k)lgjg[mn/Q]

n,j—1

Proof: We set here k = 0 (for even block sizes) since the steps are similar if k£ = 1.

If j € {1,2,...,[m,/2]} denote A; = {(2j — 1)r, + 1,...,2j7,}. Assume that for
each i € A; there is a random variable ¢, uniformly distributed on [0, 1] independent
of M, Wlth o(Ya.2i) D 0(X,,:) (without loss of generality, we can assume that the
varlables (0i)ica,; are independent). From [Dedecker et al., 2007]’s Lemma 5.3, there
exists a random variable Xm measurable with respect to Mg,j—1 Vo(X,,i) Vo(d;)

independent of M ;| distributed as X,,; and such that

(7.56) M1 Xog) = [E(IXs = Kl M0 |

Set Yn,Qj = ‘(Xm(Qj,l)rnJrl, . 7X2j7°n) and 5073‘ = (6n,(2j*1)7“n+17 . 752j7“n) then the ran-
dom block Y}, »; is measurable with respect to /\/l%j_l Vo (Y,2)Vo(do,,) independent
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of ngj,l and distributed as Y, o;; moreover:

(7.57) HE( (YM],Ynzj) (Mo, 0)

‘ p

< ||EUXn @ty = Knastsill M)

‘P
—E (M nj 1 (2j—1)rn+z')

E Tp n] 13 (2j—1)rn+1)

< rpTpn(ry,). O

Lemma 4 (Coupling under 7—weakly dependence: the sub-blocks). Suppose that
E (| Xpall|Xna #0) < 0o for 1 <i < n. Moreover assume that, for j € {2,...,m,},
there exists a random variable &§; uniformly distributed on [0, 1] mdependent of

the o—algebras M,, ;1 = U(Yn(flnfl"), . ,quzn ) and J(Yéj"j”*l")). Then there exists
a random block erfj"*l"), measurable with respect to My, j_1 V U(ij’ﬁl”)) Voo (4;),
independent of M,, j_1 and distributed as YTL(;"_Z") such that

(7.58) | (a2, 077 V7)) [ M

n,J ’ T n,g

< TnTp,n(ln> .
p

If My = J(Yn(j"l”*l"), . ,Yn(zn ")) then the blocks (Yng" ")) cicm, are indepen-
dent.

Proof. The same argument previous proof. However note that the sub-blocks
(Y(T" l”)) j=1,..m, are separated by [, variables. O

2y}

Proof of Theorem 1. Let (Y, ;)i<j<m, be the blocks built from (X, ;)1<i<n. For
k € {0,1}, we consider the independent blocks (Y}, ;- k)1<j<[mn/2) coupled to the
original blocks (Yn72j_k,)1<]<[mn /2, from Lemma 3. Therefore, if we define A* =

F(Vny) = FOU ) for j = 1,...,m,, we have that A% (f) 2 A,;(f) 2 An(f),

77)7]
for each j, where A, ;(f) = f(Yn;) — f(YTfZ" ")) and A o(f) is defined in (4.24).
Now, if we consider the assumption (C.1), we can apply [Petrov, 1975]’s Theorem 1
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(Section IX.1) to the i.id.r.v’s X, ; := (m;n)*l/zA;“L (f), so

[mn/2]

Z A:ﬂ; k EA;% (f)):0P<1)

| DZII(f) =
(7.59) { m

for £k =0, 1. In consequence,

(7.60) DZ,(f Z —EA,;(f)) = op(1)

\/nu, 4

On the other hand, by Lemma 4, we have that
SRR

(7.61) B2 = = (PO ™) —Ef(v ™))

converge weakly in fidis if, and only if

(7.62) BZ,(f)

- 3 -y

converge weakly in fidis (and in this case the limit distributions are the same). The
latter holds because BZ,(f) = Z,(f) — DZ,(f) and from the assumptions (C.2) and
(C.3).

Finally, as Z,,(f) = BZ,(f) + DZ,(f) Vf € F, we get the result. O

Proof of Theorem 2. We consider blocks Y, 1,Y,2,...,Y,m,. Using Lemma 3,
for k € {0,1} we build independent blocks (Y}, 2j—k)1<j<fm, /2 coupled to the original
blocks (Yn72j,k)1<]<[mn/2], that is, Y}, 2, 2 Y, 2j—k and Eo,, (Y, 25—k, Y, 2j—k) — 0, as
n — oo for each j =1,... [m,/ 2] and k = 0,1. Thus Z, is asymptotically tight iff

1 [(mn /2]

(7.63) 2= 2 (F(Vai-®) = Ef(Vazss)

is asymptotically tight for £ = 0,1. The latter is true due to Theorem 2.11.9 in
[Van Der Vaart & Wellner, 1996] by setting Z,,;(f) = f(Y,;) and [m, /2] instead of
O

m,,. For the remaining assertion we use Theorem 1.

Proof of Theorem 3. We follow the same lines as in the previous proof. From
the triangle inequality Z,, is asymptotically equicontinuous if Z * from eqn. .
is asymptotically equicontinuous for each k € {0, 1}; this holds true from Theorem
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2.11.1 in [Van Der Vaart & Wellner, 1996].
The uniform convergence to a Gaussian process now follows from Theorem 1. U

Proof of Lemma 2. Use the following chain of inequalities:
P{Y,\F1) £ 01X, # 0} = o, P 20, X, # 0}
= v, / P{Y, 1) 2 0l0 (Xp1) }dP
{Xn,l#o}

ot [ B £ 0}a(X,ldP
{X'n,17£0}

a(Xn e 7an
— ;! lim E {g (Kot ’")|a(Xn,1) dP
a—0 {Xn,lfo} (TTL — l)a/
. 1
€ i, e Bl g X oK 1Yo 7 03
. 1
< ah_r>noo m”E[ga(Xn,Hl? e 7Xn,rn)|0(Xn,1)] - E[ga<Xn,l+17 e aXn,rn)]”p
. 1
+ lim ————E|g.(Xnis1, -, X))

a—0 (r, —vh a

Tp(U(Xn,l), ()(fr7,7l_|_]_7 . ’Xn,Tn)) + ]P){Yngl'i‘lﬂn) % 0}
a—0 (Tn - l)'l}g_la, fvg_l

< Ll)—l + (rn — D9,
(rn—Don a

where p~! +¢ ' =1 an

Loty ) . . .
d GalT141 ) is a Lipschitz function that approximates

(rn, —Da
to 1{(x141, ..., o) # 0}. Therefore setting a = v ' then the result will follow from
assumption ([5.26)). d

Proof of Proposition 1. Use only Lemma 2 and the remaining steps are those in
[Drees & Rootzén, 2010, Lemma 2.5. O

Proof of Proposition 2. Follows the lines of the proof of Proposition 1. O
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Proof of Proposition 3. The steps are the same that in the proof of Theorem 2.1
in [Drees, 2011], but replacing the assumptions (C1) and (C2) of his paper by our
assumptions (B.1) and (B.2). O

Proof of Corollary 3. We follow the same lines as in the previous proof replacing the
assumptions (C1) and (C2) of [Drees, 2011] by our assumptions (B.1) and (B.2) in
the proof of Corollary 2.3 of the previous paper. 0

Proof of (6.41]). Let (X;);=0 be the AR( )-process ([L.6)). Note that for each i € N

(7.64) =5t Z bi— s+1
If n is sufficiently large such that b%v, < 1, then for z € [0, 1]¢:
(7.65) P{X,1 >z, X,1# 0} =P{X, > an,x; +u,, forsomei=1,...,d}

=P {XO > b (an; + Up) — Z b*lg,, for somei=1,... ,d}

s=1

=P {XO > min {bi(anxi + Uup) — i bs_lﬁs}}

~~~~~
s=1

= Z P{XO>Z,:Hllind{bi(anxi+un>_st_ljs}7(617"'7§d):(jh‘"ujd)}
(b)

. P At A
J1ye3a€U s=1

.....

1
= 3 Z (max {1—61—1-258 1j3+blvn(1—xz)} /\1)
' (b) +

7777 s=1
1
T b
since iy (J1, ..., Jayi) =1 —=b" 4+ . b 1j, < —1 for all (jy,... ,jd) e Ub)\ {(b—
Lb—1)}and pp(b—1,0—1,...,b6—1) =0.
Therefore,

(7.66) P{Xp1 > 2|Xny # 0} — max {bl U1 — 2}

n—oo 1=1,...,
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Proof of . Let z,y € [0,1]¢. Then as before for i > 1, if n is sufficiently large
such that b"*?v, < 1, then we have:

(767) P{Xn,l >, Xn,i+1 > y}
=P {Xk > AnZg + Upy Xipr > apy + up, for some (k,7) € {1,... ,d}z}
k }

Z bs_lfs

{

=P {XO > min {bk(anxk + up,) —
k=1,....d —
l
X, bl o bs—l )
P> m,ln,d{ (anyl + un) 2; fs—l—z}}
k
— : _ 571 .
_ Z IP’{XO >k31171.r}’d b (anzr + up) Zb ]S},
J1,--dg €U (b) s=1
Jit1y5Jit+d €U (D)
l
Xz' > l_rn’m’ {bl<anyl + un) - ZleIjeri} )
(517 s 7§d7 £i+17 s 7§i+d) = (jla s 7jd7.ji+17 S ’ji+d)}
k
1 . s—1 .
= Z ]P’{Xo> irlnnd{b (ana:k—irun)—Zb ]5},
G153 g €U (D) s=1
Jit1yJitd €U (D)
l
X' > min {bl(anyl + un) - ZbSIjeri} ) (517 v >€d) = (jh L 7jd)}
s=1

Z F {XO > 1= max, {k(rs - Jask) + 050, (L =) b, AT,

.....

Jg€U(b)
Ji+a€U(b)

.....

,,,,,

X; > 1—li1}axd{blvn(1—yl)},§1 =...=§=b— 1}
,ja) € ULD)\ {(b -

77777

7jd; Z) =1- bl + Zi:l bSiljs < —1 for all (jla

since gy (J1, - - -
1,...,b—1}and up(b—1,0—1,...,6—1) =0.
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Moreover, note that if ¢ > d

.....

.....

-----

-----

XO > bl - bl lirllaxd {blvn(l - yl)} +1-— bd - Z b371j37 (€d+17 s 752) = (jd+17 s 7]1)}

=1,...

.....

.....

s=d+1

1
=5 Z ) min (kgllaxd {brv, (1 —ax)},

L s\ hee
Jd+1,...,.5; €U(

d s—1; I+i T
Y LD LR EAEN IR
s=d+1 +

.........
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Similarly for 1 < ¢ < d, we obtain that

(769) ]P){Xn,l > anmi—‘rl > y}
= Z—? min <kmax {b°(1 — 21)}, max {b*min(1 — 24,1 — y)}, ,nax {b"i(1 yk)}>
= Ung,i(l'7 y)

From Lemma 5.2 - (iii) in [Drees & Rootzén, 2010], E|f(Y,)| = o(y/nv,). Thus,
for n sufficiently large:

(o) SV hn) pey Lo v s

T'nUn
rn—1 .
+Z<1_1"_) (]P’{Xn1>xXm+1>y}—|—IP’{Xn1>y,Xm+1>a:})
=1 n

n—oo k=1,..d~ 77 k=l,.,

— min ( max {bk(l —xk)}  max {bk 1 —yg) > Z (Hyi(z,y) + Hpi(y,x)).

O

Proof of . The proof is similar to the proof of the expression ((6.41]). Indeed,

1<i<ry

(7.71) ]P’{max X;>1—u,t }:P{Xi>1—vnt, for somei=1,...,r,}

=P {XO > b (1 — vnt) — st_lés, for some i =1,... ,rn}

s=1

— : s—1
_P{XO>1I££”{ (1 —wvpt) Zb 55}}

= Z P {XO > II<IzlLI71, {bz(l — ’Unt) — st_lfs} 7(§1a s 767"n) = (jh s 7an)}
: (b) o

s=1

1 : % : s—1
= Z (b)P{Xo>1gilg}n{b(1—vnt)—2b ]S}}

J1seesdrn €U s=1

1 7
:bT Z (fgliiX {1+st Ly — 1—Unt)} ,1).
" +

J1yeeesdirn €U (D)

O
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